In the first part of this note, we introduce Tietze transformations for Lpresentations. These transformations enable us to generalize Tietze's theorem for finitely presented groups to invariantly finitely L-presented groups. Moreover, they allow us to prove that 'being invariantly finitely L-presented' is an abstract property of a group which does not depend on the generating set.
Introduction
Finite L-presentations are possibly infinite group presentations with finitely many generators whose relations (up to finitely many exceptions) are obtained by iteratively applying finitely many substitutions to a finite set of relations; see [1] or Section 2 for a definition. Various infinitely presented groups can be described by a finite L-presentation. For example, the Grigorchuk group [6] and the Gupta-Sidki group [9] are finitely L-presented [17, 19, 1, 2] . An L-presentation is invariant if the substitutions, which generate the relations, induce endomorphisms of the group. In fact, invariant finite L-presentations are finite presentations in the universe of groups with operators [15, 18] in the sense that the operator domain of the group generates the possibly infinitely many relations out of a finite set of relations. The finite L-presentation for the Grigorchuk group in [17] is an example of an invariant finite L-presentation [7] .
Finite L-presentations allow computer algorithms to be applied in the investigation of the groups they define. For instance, they allow one to compute the lower central series quotients [2] , to compute the Dwyer quotients of the group's Schur multiplier [10] , to develop a coset enumerator for finite index subgroups [11] , and even the Reidemeister-Schreier theorem for finitely presented groups generalizes to finitely L-presented groups [13] . For a survey on the application of computers in the investigation of finitely L-presented groups, we refer to [12] .
In the first part of this note, we introduce Tietze transformations for L-presentations. These transformations allow us to generalize Tietze's theorem for finitely presented groups [20] to invariantly finitely L-presented groups:
Theorem A Two invariant finite L-presentations define isomorphic groups if and only if it is possible to pass from one L-presentation to the other by a finite sequence of transformations.
If a group admits a finite presentation with respect to one generating set, then so it does with respect to any other finite generating set [5, Chapter V] . This result for finitely presented groups also generalizes to invariant finite L-presentations:
Theorem B (Bartholdi [1] ) Being invariantly finitely L-presented is an abstract property of a group which does not depend on the generating set.
Our proof of Theorem B fills a gap in the proof of [1, Proposition 2.2] because the transformations in the latter proof are not sufficient; see Section 4 below.
In the second part of this note, in Section 5, we consider finitely generated normal subgroups of finitely presented groups. By Higman's embedding theorem, every finitely generated group embeds into a finitely presented group if and only if it is recursively presented [14] . Since every finite L-presentation is recursive, finitely Lpresented groups therefore embed into finitely presented groups. As indicated in [4] , we prove that every group which admits an invariant finite L-presentation, where each substitution induces an automorphism of the group, embeds as a normal subgroup into a finitely presented group. On the other hand, the Reidemeister-Schreier theorem for finitely L-presented groups in [13] shows that every normal subgroup of a finitely presented group admits an invariant L-presentation where each substitution induces an automorphism of the group; the obtained L-presentation is finite if and only if the normal subgroup has finite index.
Finitely generated normal subgroups of finitely presented groups with infinite index were considered in [4] : It was proved that a finitely generated normal subgroup of a finitely presented group is invariantly finitely L-presented if its quotient is infinite cyclic. Moreover, in [4, Remark (2) ], Benli asked for a generalization of his latter result and he posed the following problem:
Is it true that a finitely generated group embeds as a normal subgroup into a finitely presented group if and only if it admits an invariant finite L-presentation where each substitution induces an automorphism of the group?
We generalize Benli's constructions from [4] in order to prove the following
Theorem C Every finitely generated normal subgroup of a finitely presented group is invariantly finitely L-presented if the group splits over its subgroup.
Since G splits over its subgroup H ✂ G if G/H is a free group, Benli's result in [4] is a consequence of Theorem C. Moreover, our generalizations of the constructions from [4] allows us to prove
Theorem D Every finitely generated normal subgroup of a finitely presented group is invariantly finitely L-presented whenever the quotient is abelian with torsion-free rank at most two.
Our constructions do not generalize further; see Remark 2.1.
Preliminaries
In this section, we recall the notion of an invariant finite L-presentation as introduced in [1] . An L-presentation is a group presentation of the form
where X is an alphabet, Q and R are subsets of the free group F = F (X ) over the alphabet X , and Φ * ⊆ End(F ) denotes the monoid of endomorphisms that is generated by Φ. If the generators X , the fixed relations Q, the substitutions Φ, and the iterated relations R have finite cardinality, the L-presentation in Eq. (1) is a finite L-presentation. We also write X | Q | Φ | R for the L-presentation in Eq. (1) and G = X | Q | Φ | R for the group it defines.
A group which admits a finite L-presentation is finitely L-presented. An Lpresentation of the form X | ∅ | Φ | R is ascending and an L-presentation X | Q | Φ | R is called invariant (and the group it defines is invariantly L-presented ), if each substitution ϕ ∈ Φ induces an endomorphism of the group; i.e., if the normal subgroup Q ∪ σ∈Φ * R σ F ✂ F is ϕ-invariant. Each ascending Lpresentation is invariant and each invariant L-presentation X | Q | Φ | R admits an ascending L-presentation X | ∅ | Φ | Q ∪ R which defines the same group; see Proposition 3.4. Even though invariant and ascending L-presentations are essentially the same, we like to distinguish between these two objects. The finite Lpresentation in [17] for the group constructed by Grigorchuk [6] is not ascending but it is easy to see that it is an invariant L-presentation; see, for instance, [7, Corollary 4] . Proof. The free product
where σ is induced by the map a → ab and b → b 2 . If this L-presentation were invariant, the ascending L-presentation {a, b} | ∅ | {σ} | {a 2 , b 2 } would also define Z 2 * Z 2 ; see Proposition 3.4. In this case (a 2 ) σ = abab is a relation in the group and, since a 2 = b 2 = 1 holds, the generators a and b commute. Therefore the ascending L-presentation defines a quotient of the 2-elementary abelian group Z 2 × Z 2 . In fact, it defines a finite group. Thus {a, b} | ∅ | {σ} | {a 2 , b 2 } is not a finite L-presentation for Z 2 * Z 2 and hence {a, b} | {a
Note that this latter proof from [13] provides a 'method' to prove that a finite Lpresentation X | Q | Φ | R is invariant; namely, if the ascending L-presentation X | ∅ | Φ | R ∪ Q defines a group which is isomorphic to the first. In general, we are not aware of a method which allows us to decide whether or not a finite L-presentation is invariant -even if we assume that the L-presented group has a solvable word problem. Invariant finite L-presentations are 'natural' generalizations of finite presentations because every finitely presented group X | R is invariantly finitely Lpresented by X | ∅ | ∅ | R . However, invariant finite L-presentations have been used to describe various examples of self-similar groups that are not finitely presented [17, 3] . For instance, the group G constructed by Grigorchuk in [6] is not finitely presented [8] but it is invariantly finitely L-presented, see also [7] : It is easy to see (and it follows with our Tietze transformations below) that the group G is also invariantly finitely L-presented by
whereσ is induced by the map a → aca, c → cd, and d → c. Further examples of invariantly finitely L-presented groups arise, for instance, as certain wreathproducts: In contrast to [1] , Bartholdi noticed that the lamplighter group
where δ is induced by the map a → a t a and t → t. This recent result generalizes to wreath products of the form H ≀ Z, where H is a finitely generated abelian group: Proposition 2.3 If H is a finitely generated abelian group, the wreath product H ≀Z is invariantly finitely L-presented.
Proof. Since H is finitely generated and abelian, it decomposes into a direct product of cyclic groups; i.e., H has the form Z r1 × · · · × Z rn for r 1 , . . . , r n ∈ N ∪ {∞} where Z ∞ denotes the infinite cyclic group while Z ri denotes the cyclic group of order r i , otherwise. Then X | {[x, y] | x, y ∈ X } ∪ {x rx | r x < ∞} is a finite presentation for H. The wreath product H ≀ Z admits the presentation
For each y ∈ X , define a substitution σ y which is induced by the map
for each x ∈ X \ {y}, t → t.
For n ∈ N and x, y, z ∈ X with x = y and z = y, we obtain
This shows that the relations {[x, y t i ] | x, y ∈ X , i ∈ N} are consequences of the iterated images {[x, y t ] δ | δ ∈ {σ y | y ∈ X } * , x, y ∈ X } and vice versa. Moreover, for each relation x rx of H's finite presentation, we have that (x rx ) σy = x rx if x = y and (y ry ) σy = (y t y) ry = H≀Z (y ry ) t y ry , otherwise. Thus these images are relations of the wreath product H ≀ Z. In particular, the finite L-presentation
is an invariant finite L-presentation for the wreath product H ≀ Z. ✷ Even though invariant finite L-presentations are known for numerous self-similar groups, we are not aware of an invariant finite L-presentation for the Gupta-Sidki group from [9] . Moreover, we are not aware of a finitely L-presented group which is not invariantly finitely L-presented.
Tietze Transformations for L-Presentations
In this section, we introduce Tietze transformations for L-presentations. Let G = X | Q | Φ | R be an L-presented group. Denote by F the free group F (X ) over the alphabet X and let K = Q ∪ σ∈Φ * R σ F be the kernel of the free presentation π: F → G. Then K = ker π decomposes into the normal subgroups Q = Q F and R = σ∈Φ * R σ F so that K = RQ = QR holds. The group F/R is invariantly L-presented by X | ∅ | Φ | R . We can add every element of the kernel K as a fixed relation:
Proof. The proof follows with the Tietze transformation that adds consequences S of G's relations to the group presentation X | Q ∪ σ∈Φ * R σ . ✷
The transformation in Proposition 3.1 is reversible in the sense that we can remove fixed relations S from an L-presentation X | Q ∪ S | Φ | R if and only if Q ∪ S ∪ σ∈Φ * R σ F = Q ∪ σ∈Φ * R σ F holds. The following transformations are reversible in the same sense.
If an L-presentation is not invariant (cf. Remark 2.1), there exist elements from the kernel K of the free presentation π: F → G that we cannot add as iterated relations without changing the isomorphism type of the group. However, even for non-invariant L-presentations we have the following
Proof. By construction, the normal subgroup R = σ∈Φ * R σ F is σ-invariant for each σ ∈ Φ * . More precisely, for each r ∈ R and σ ∈ Φ * , we have r σ ∈ R. Therefore, adding the (possibly infinitely many) relations {s σ | s ∈ S, σ ∈ Φ * } to the group presentation X | Q ∪ σ∈Φ * R σ does not change the isomorphism type of the group. ✷ Iterated and fixed relations of an L-presentation are related by the following
Proof. The proof follows immediately from
these are the relations of G's group presentation. ✷
The following proposition is a consequence of the definition of an invariant Lpresentation:
an endomorphism of the group G. Therefore, the images {q σ | q ∈ S, σ ∈ Φ * } are relations within G and so X | (Q \ S) ∪ σ∈Φ * (R ∪ S) σ is a presentation for G. ✷
The following proposition allows us to add generators together with fixed relations to an L-presentation:
be an alphabet so that X ∩ Z = ∅ holds, and, for each z ∈ Z, let w z ∈ F (X ) be given. For each σ ∈ Φ, define an endomorphism of the free group E over the alphabet X ∪ Z that is induced by the map
where g z are arbitrary elements of the free group E. Then G satisfies that
If X | Q | Φ | R is a finite L-presentation and Z is a finite alphabet, the Lpresentation in Eq. (4) is finite.
Proof. Write H = X ∪ Z | Q ∪ {z −1 w z | z ∈ Z} | {σ | σ ∈ Φ} | R and let F and E be the free groups over X and X ∪ Z, respectively. To avoid confusion, the elements of G's presentation are denoted by g ∈ F . Then π:
x → x, for each x ∈ X , z → w z , for each z ∈ Z, induces a surjective homomorphism π: E → F . By construction, the restriction of the substitutionσ to the free group F coincides with σ. Thus σ∈Φ Rσ π = σ∈Φ * R σ and hence, π maps iterated relations of H's L-presentation to iterated relations of G. Similarly, π maps the fixed relations Q of H's L-presentation to fixed relations of G. It remains to consider the relations of the form z −1 w z with z ∈ Z. However, these relations are mapped trivially by π. This shows that the homomorphism π: E → F induces a surjective homomorphismπ: H → G. On the other hand, identifying the generators of G's L-presentation with the generators of H induces a surjective homomorphism ϕ: G → H with ϕπ = id H andπϕ = id G . Hence, the groups G and H are isomorphic. The second assertion is obvious. ✷
We can also add the relations {z −1 w z | z ∈ Z} in Proposition 3.5 as iterated relations to the L-presentation if we define the substitutionsσ as follows:
be an alphabet so that X ∩ Z = ∅ holds, and, for each z ∈ Z, let w z ∈ F (X ) be given. For each σ ∈ Φ, define an endomorphism of the free group E over the alphabet X ∪ Z that is induced by the map σ:
x → x σ , for each x ∈ X , z → w σ z , for each z ∈ Z.
(5)
Then G satisfies that
If X | Q | Φ | R is a finite L-presentation and Z is a finite alphabet, the Lpresentation in Eq. (6) is finite.
Proof. The substitutionsσ in Eq. (5) are well-defined because w z ∈ F (X ) and σ ∈ End(F (X )) hold. By Proposition 3.3, we have that
By definition ofσ in Eq. In particular, adding the relations {(z −1 w z )σ | z ∈ Z, σ ∈ Φ} to a group presentation does not change the isomorphism type of the group. By Proposition 3.5, we have that
which proves the first assertion of Proposition 3.6 while the second is obvious. ✷
The following proposition allows us to modify the substitutions of an L-presentation:
where Φ = (Φ \ Ψ) ∪ {σψ | ψ ∈ Ψ, σ ∈ Φ}; these are the relations of G's group presentation. ✷ Since each relation of a group presentation can be replaced by a conjugate, we can modify the substitutions of an L-presentation as follows:
, and let Ψ ⊆ Φ be given. For each x ∈ S, denote by δ x the inner automorphism of the free group F (X ) that is induced by conjugation with x. Then
Proof. This follows because each relation of a group presentation can be replaced by a conjugate and we have δ x σ = σδ x σ for each σ ∈ Φ * and x ∈ X . ✷ Recall that the kernel K = Q ∪ σ∈Φ * R σ F of the free presentation π: F → G decomposes into the normal subgroups Q = Q F and R = σ∈Φ * R σ F so that K = QR = RQ holds. This decomposition yields the following
Proof. If ψ ∈ Ψ induces an endomorphism of F (X )/R, the normal subgroup R is ψ-invariant. Therefore, each image r σ ∈ F (X ), with σ ∈ (Φ ∪ Ψ) * \ Φ * and r ∈ R, is a relation of the group. Adding these (possibly infinitely many) relations to the group presentation does not change the isomorphism type of the group. ✷
For an invariant L-presentation, we even have the following
Proof. Let K = Q∪ σ∈Φ * R σ F be the kernel of the free presentation π: F (X ) → G. If each ψ ∈ Ψ induces an endomorphism of F (X )/K, Proposition 3.9 shows the first assertion. If, on the other hand, the invariant L-presentations
induces an endomorphism of G. However, there are possibly other endomorphisms of the free group F (X ) that will induce the same endomorphism on G. The following proposition allows us to modify a given substitution of an L-presentation:
, and let σ ∈ Φ be given. Define an endomorphismσ of the free group F = F (X ) over the alphabet X that is induced by the map σ: x → x σ r x for each x ∈ X and some r x ∈ S.
Proof. We work in the free group F = F (X ) over the alphabet X and we decompose the kernel K = Q ∪ ϕ∈Φ * R ϕ F of the free presentation π: F → G into the normal subgroups Q = Q F and R = ϕ∈Φ * R ϕ F as above. Since
We prove this proposition by showing that the normal sub-
For this purpose, we prove that, for eachδ ∈ Ψ * and g ∈ F , there exists δ ∈ Φ * and h ∈ L = ϕ∈Φ * S ϕ F so that gδ = g δ h holds. By construction, we have that L ⊆ R. By symmetry (as we have both xσ = x σ r x and x σ = xσr −1
x ) the same arguments will show that, for each δ ∈ Φ * and g ∈ F , there existsδ ∈ Ψ * and h ∈L = ϕ∈Ψ * S ϕ F so that g δ = gδh holds. This would yield that each normal generator sδ ∈R, with s ∈ R ∪ S andδ ∈ Ψ * , can be written as sδ = s δ h for some δ ∈ Φ * and h ∈ L ⊆ R. In fact, sδ ∈R satisfies that sδ = s δ h ∈ R and thus R ⊆ R. By symmetry, we would also obtain that R ⊆R holds. This clearly proves Proposition 3.11.
It therefore remains to prove that, for eachδ ∈ Ψ * and g ∈ F , there exists δ ∈ Φ * and h ∈ L so that gδ = g δ h holds. Each g ∈ F is represented by a finite word w g (x i1 , . . . , x in ) over finitely many generators {x i1 , . . . , x in } ⊆ X . Letδ ∈ Ψ * and g ∈ F be given. We prove the assertion by induction on m = δ . If m = 1, thenδ ∈ Ψ. Moreover, we either haveδ =σ orδ =σ. Ifδ =σ holds, thenδ ∈ Φ and thus gδ = g δ h for some δ ∈ Φ and h ∈ L. Otherwise, ifδ =σ holds, we obtain that
Conjugation in the free group F yields that the word
For an integer m > 1, assume that, for every g ∈ F andδ ∈ Ψ * , with δ = m, the image gδ ∈R satisfies that gδ = g δ h for δ ∈ Φ * and some h ∈ L. Let g ∈ F andδ ∈ Ψ * , with δ = m + 1, be given. Then there existω ∈ Ψ andγ ∈ Ψ * , with γ = n, so thatδ =γω holds. By our assumption, there exist γ ∈ Φ * and h ∈ L so that gγ = g γ h holds. Thus gδ = gγω = (g γ h)ω. Ifω =σ holds, thenω ∈ Φ and thus γω ∈ Φ * . Moreover, by construction, the normal subgroups
Thus hω ∈ L ifω =σ. Therefore, the image gδ satisfies that gδ = g γω hω for some γω ∈ Φ * and hω ∈ L. It suffices to consider the caseω =σ. The elements g γ ∈ F and h ∈ F are represented by finite words w g γ (x j1 , . . . , x jn ) and w h (x k1 , . . . , x k ℓ ), respectively. Again, conjugation in the free group F yields that w g γ (x j1 , . . . ,
Thus, for every g ∈ F andδ ∈ Ψ * , the image gδ satisfies that gδ = g δ h with δ ∈ Φ * and h ∈ L. By symmetry, as we have both xσ = x σ r x and x σ = xσ r −1
x , the same arguments will prove that for each g ∈ F and δ ∈ Φ * the image g δ satisfies that g δ = gδh withδ ∈ Ψ * and h ∈L = ϕ∈Ψ * S ϕ F . This finishes our proof of Proposition 3.11. ✷
As a consequence of Proposition 3.11, we obtain the following Corollary 3.12 Let G = X | Q | Φ | R be a finitely L-presented group and let σ ∈ Φ be given. Then σ induces an endomorphism of the invariantly finitely Lpresented group H = X | ∅ | Φ | R . If ψ ∈ End(F (X )) and σ induce the same endomorphism on H, then there exists a finite subset S ⊆ F (X ) so that
Proof. If σ and ψ induce the same endomorphism of H, there exists, for each
The transformations introduced above allow us to modify a given L-presentation of a group. In order to prove Tietze's theorem for invariantly finitely L-presented groups, we choose the following set of transformations:
Definition 3.13 An L-Tietze transformation is a transformation that (i) adds or removes a single fixed relation (Proposition 3.1), (ii) adds or removes a single iterated relation (Proposition 3.2), (iii) adds or removes a single substitution (Proposition 3.9), (iv) adds or removes a generator together with a fixed relation (Proposition 3.5), (v) adds or removes a generator together with an iterated relation (Proposition 3.6), or that (vi) modifies a given substitution of an L-presentation (Proposition 3.11).

Applications of Tietze Transformations
The transformations introduced in Section 3 allow us to prove Theorem A:
Proof of Theorem A. We use similar ideas as in the proof of Tietze's theorem in [16, Chapter II]: As each L-Tietze transformation does not change the isomorphism type of the group, two finite L-presentations define isomorphic groups if one Lpresentation can be transformed into the other by a finite sequence of L-Tietze transformations. In order to prove Theorem A, it suffices to prove that two invariant finite L-presentations which define isomorphic groups can be transformed into each other by a finite sequence of L-Tietze transformations. For this purpose, we consider two invariant finite L-presentations
By Proposition 3.4, we can assume that both Q 1 = ∅ and Q 2 = ∅ hold. We will construct an invariant finite L-presentation for G which can be obtained from both L-presentations by a finite sequence of L-Tietze transformations. Because each L-Tietze transformation is reversible, this shows that we can pass from one L-presentation to the other by a finite sequence of L-Tietze transformations.
Suppose that X 1 ∩ X 2 = ∅ holds. For i ∈ {1, 2}, we denote by F i = F (X i ) the free group over the alphabet X i and by π i : F i → G the free presentation with kernel ker(π i ) =
Fi . For each x ∈ X 1 , we choose w x ∈ F 2 with x π1 = w π2 x ; i.e., the element w x ∈ F 2 is a π 2 -preimage of x π1 ∈ G. For each z ∈ X 2 , we choose w z ∈ F 1 with z π2 = w π1 z . Define the subsets S 1 = {x −1 w x | x ∈ X 1 } and S 2 = {z −1 w z | z ∈ X 2 } of the free group F = F (X 1 ∪ X 2 ) over the alphabet X 1 ∪ X 2 . By Proposition 3.6, we can add the finitely many generators z ∈ X 2 together with the iterated relation z −1 w z ∈ S 2 if we extend each substitution σ ∈ Φ 1 to the free group F byσ :
This yields the finite L-presentation
for the group G. The natural homomorphisms π 1 : F 1 → G and π 2 : F 2 → G extend to a natural homomorphism π: F → G that is induced by the map
Its kernel satisfies ker(π) =
we have
and thus x −1 w x ∈ ker(π) holds. For each r ∈ R 2 , we have r π = r π2 = 1 and thus r ∈ ker(π) holds. Since the kernel ker(π) is {σ | σ ∈ Φ 1 } * -invariant, by construction, Proposition 3.2 yields that
As the invariant finite L-presentations
define isomorphic groups and every ψ ∈ Φ 2 induces an endomorphism of the whole group, we can extend ψ to an endomorphism of the free group F over the alphabet X 1 ∪ X 2 that induces the same endomorphism on G as ψ does. More precisely, for each ψ ∈ Φ 2 , we define an endomorphism of the free group F that is induced by the mapψ :
By construction, the normal subgroup σ∈Φ *
Thus, by Proposition 3.9, the group G satisfies that
Since the L-presentations
were finite, we have applied only finitely many L-Tietze transformations from Definition 3.13. Therefore, starting with the L-presentation
we have obtained the L-presentation in Eq. (7) after finitely many steps. By symmetry, though, we would also obtain the finite L-presentation in Eq. (7) if we would have started with the finite L-presentation
Since each L-Tietze transformation is reversible, we can therefore transform the finite L-presentation in Eq. (7) to the finite L-presentation
This yields a finite sequence of L-Tietze transformations that allows us to transform the L-presentation
Similarly, the Tietze transformations in Section 3 also allow us to prove that two arbitrary finite L-presentations could be transformed into each other by a finite sequence of Tietze transformations. Another application of L-Tietze transformations is to prove that 'being invariantly finitely L-presented' is an abstract property of a group that does not depend on the generating set of the group; that is, if a group admits an invariant finite Lpresentation with respect to one finite generating set, then so it does with respect to any other finite generating set. This result was already posed in [1, Proposition 2.2]. However, its proof contains a gap: Consider the invariant finite L-presentation Proof of Theorem B. Let Y = {y 1 , . . . , y n } be an arbitrary finite generating set of the invariantly finitely L-presented group G = X | Q | Φ | R . As G is invariantly L-presented, we can assume that Q = ∅ holds. Since Y generates G, there exists, for each x ∈ X , a word w x (y 1 , . . . , y n ) over the generators Y so that x = G w x (y 1 , . . . , y n ) holds. Since X = {x 1 , . . . , x m } also generates G, there exists, for each y ∈ Y, a word w y (x 1 , . . . , x m ) so that y = G w y (x 1 , . . . , x m ) holds. Suppose that X ∩ Y = ∅ holds. For each σ ∈ Φ, define an endomorphismσ of the free group E over the alphabet X ∪ Y that is induced by the map
Then, by Proposition 3.6, a finite L-presentation for the group G is given by
As this L-presentation is invariant, everyσ, with σ ∈ Φ, induces an endomorphism of the group G. Thus, as x = G w x (y 1 , . . . , y n ) holds, we have xσ = G w x (y 1 , . . . , y n )σ for each σ ∈ Φ * . By Proposition 3.2, we have that
Since Y generates H, for each z ∈ X ∪ Y and σ ∈ Φ, the image zσ is represented by a word v z,σ (y 1 , . . . , y n ) over the generators Y so that zσ = G v z,σ (y 1 , . . . , y n ) holds. Since the L-presentation in Eq. (8) is invariant, Proposition 3.11 applies to the relation r = (zσ) −1 v z,σ (y 1 , . . . , y n ) and it shows that G admits the following finite L-presentation
where the substitutions σ are induced by the maps
We use the iterated relations x −1 w x (y 1 , . . . , y n ), with x ∈ X , to replace every occurrence of x ∈ X among the iterated relations
by w x (y 1 , . . . , y n ). This yields a finite set of relationsS that can be considered as a finite subset of the free group over the alphabet Y. Replacing the relations in Eq. (9) byS does not change the isomorphism type of the group. The group G satisfies
Finitely generated normal subgroups of finitely presented groups
In this section, we consider finitely generated normal subgroups of finitely presented groups. By Higman's embedding theorem [14] , every finitely generated group embeds into a finitely presented group if and only if it is recursively presented. This theorem classifies the finitely generated subgroups of a finitely presented group. The normal subgroups of a finitely presented group are invariantly L-presented: On the other hand, as every finite L-presentation is recursive, finitely L-presented groups embed into finitely presented groups. As indicated in [4] , a finitely Lpresented group embeds as a normal subgroup into a finitely presented group if we assume that every substitution of the L-presentation induces an automorphism of the subgroup:
Proposition 5.2 Every group that admits an invariant finite L-presentation, whose substitutions induce automorphisms of the group, embeds as a normal subgroup into a finitely presented group.
Proof. If H = Z | ∅ | {δ 1 , . . . , δ n } | R is invariantly finitely L-presented so that each δ i induces an automorphism of H, the base group H embeds into the HNN-extension G 1 relative to the isomorphism δ 1 : H → H which is induced by the substitution δ 1 . The HNN-extension G 1 is given by the presentation
Denote by H 1 the image of H in G 1 . Then δ 2 induces an automorphism of the subgroup H 1 ≤ G 1 . Thus we can form the HNN-extension G 2 relative to the isomorphism δ 2 : H 1 → H 1 . As the base group G 1 embeds into the HNN-extension G 2 , the subgroup H 1 embeds into G 2 as well. Iterating this process, we obtain a group G n = Z ∪ {t 1 , . . . , t n } | σ∈Φ * R σ ∪ {t 
The invariantly finitely L-presented group H embeds into this finitely presented group by identifying the generator in Z. The image of H in G n is obviously a normal subgroup of G n . ✷
In the following, we use the constructions from [4] to prove Theorem C. Since every normal subgroup of a finitely presented group admits an invariant L-presentation with finitely many substitutions and finitely many iterated relations, it suffices to show that the L-presentation in Lemma 5.3 below could be transformed into an invariant finite L-presentation. For this purpose, though, we need to eliminate (possibly) infinitely many generators from the L-presentation and we need to modify finitely many substitutions. However, Proposition 3.11 adds iterated relations for each modification of a substitution. Hence, we need to ensure that this process still gives a finite L-presentation. In the following, we generalize the constructions from [4]:
Preliminaries
Let G be a finitely presented group and let H ✂G be a finitely generated normal subgroup. Then G/H is finitely presented. Proof. This follows from the Reidemeister-Schreier theorem, see [16, Section II.4] and the proof of [13, Theorem 6.1]. Clearly, one can always omit the endomorphisms δ x with x ∈ {a 1 , . . . , a m } as they give inner automorphisms of the subgroup H. ✷ Since S and R are finite, the L-presentation in Lemma 5.3 is finite if and only if H has finite index in G; in this case Y is finite. Finite index subgroups of finitely Lpresented groups have been studied in [13] . It was shown that each normal subgroup of a finitely presented group with finite index is invariantly finitely L-presented. In the following, we therefore assume that [G : H] = ∞ holds.
The strategy in the proof of Theorem C will be as follows: Our choice of the generating set of the finitely presented group allows us to assume that H's generators Z = {a 1 , . . . , a m } are Schreier generators of H. We therefore obtain an embedding χ: F (Z) → F (Y) and we will construct an epimorphism γ: F (Y) → F (Z) so that the free presentation π: F (Y) → H that is given by the L-presentation in Lemma 5.3 satisfies γχπ = π. Since the L-presentation in Lemma 5.3 is invariant, there exists, for each σ ∈ Φ = {δ x | x ∈ S}, an endomorphism σ ∈ End(H) so that σπ = π σ holds. In general, we cannot assume that there also exists an endomorphism σ ∈ End(F (Z)) so that σγ = γσ holds. Therefore, we will construct a normal subgroup N ✂ F (Z) so that ψ: F (Z) → F (Z)/N, g → gN yields the existence of σ ∈ End(F (Z)/N ) with σγψ = γψσ. These constructions will give the following commutative diagram:
t t t t t t t t tδ
In the special cases of Theorem C and Theorem D, we are able to prove that F (Z)/N is invariantly finitely L-presented and so is the subgroup H. The normal subgroup N will be generated, as a normal subgroup, by the iterated relations that Proposition 3.11 adds when modifying the substitutions of the L-presentation in Lemma 5.3. These relations were omitted in [4] . It is not clear whether or not these relations are necessary to define the subgroup H.
In the remainder of this section, we generalize the constructions from [4] to obtain the commutative diagram above. The generating set X = {a 1 , . . . , a m , s 1 , . . . , s n } of the finitely presented group G yields that the generators Z = {a 1 , . . . , a m } are Schreier generators of H. Hence, there exists a natural embedding χ: F (Z) → F (Y) which is induced by embedding the generators Z into Y. It suffices to remove the Schreier generators Y \ Z from the invariant L-presentation in Lemma 5.3. Since H is generated by Z = {a 1 , . . . , a m }, every y ∈ Y can be represented, as an element of H, by a word over Z. This yields an epimorphism γ: F (Y) → F (Z) which maps every y ∈ Y to a word y γ ∈ F (Z) over the alphabet Z that represents the same element in H; i.e., we have 
Proof. Since π = γι is onto, it suffices to prove that ker(ι) = S γ F (Z) holds. For r ∈ S, we have that r γι = r π = 1 and so r γ ∈ ker(ι). Thus S γ F (Z) ⊆ ker(ι). If g ∈ ker(ι) holds, there exists h ∈ F (Y) with h γ = g as γ is surjective. Then
Thus, by Lemma 5.3 and Lemma 5.4, the subgroup H has a presentation of the form
where Φ = {δ x | x ∈ S} and τ denotes the Reidemeister rewriting. This presentation can be considered as a finite L-presentation if, for each σ ∈ Φ, there exists an endomorphismσ ∈ End(F (Z)) with σγ = γσ. The following lemma yields the existence of such endomorphismsσ ∈ End(F (Z)): Proof. The proof is straightforward. ✷ Therefore, if the kernel ker(γ) is σ-invariant, for each σ ∈ Φ, the subgroup H would be invariantly finitely L-presented by Z | ∅ | {δ x | δ x ∈ Φ} | R τ γ . In general, though, we cannot assume that each σ ∈ Φ leaves the kernel ker(γ) invariant. If we consider the natural embedding χ: F (Z) → F (Y) that is induced by embedding the generators Z into Y, the kernel ker(γ) satisfies
Proof. Since γχ| Z = id Z holds, the map γχ induces the identity on the free subgroup E = Z ≤ F (Y). For g ∈ F (Z), we have g χ ∈ E and g χγχ = g χ . Thus (g −1 g χγ ) χ = 1 and, as χ is injective, we have g
For each y ∈ Y \ Z, we have that (y represented by a finite word w(y i1 , . . . , y in , a 1 , . . . , a m ) with {y i1 , . . . , y in } ⊆ Y \ Z. Modulo the normal subgroup N , we can replace every occurrence of y ∈ Y \ Z by y γχ ∈ E; i.e., we have g = w(y i1 , . . . , y in , a 1 , . . . , a m ) = , a 1 , . . . , a m ) = w(y i1 , . . . , y in , a 1 , . . . , a m )·k = g · k. Thus g ∈ N and N = ker(γ). ✷ Even though δ x ∈ Φ may not translate directly toδ x ∈ End(F (Z)), there exists a normal subgroup N ✂ F (Z) and a homomorphism ψ: .
The generator (y −1 y γχ ) δzγσχ is mapped by δ x γ to (y −1 y γχ ) δz γσχδxγ = (y −1 y γχ ) δz γσδx ∈ N while y −1 y γχ is mapped to (y
The endomorphisms δ x ∈ End(F (Y)),δ x ∈ End(F (Z)), andδ x ∈ End(F (Z)/N ) also satisfy thatδ
Since the L-presentation in Lemma 5.3 is invariant, there exists δ x ∈ End(H) with δ x π = π δ x . The subgroup H is a homomorphic image of F (Z)/N :
Proof. The first assertion follows from the definition of γ in Eq. (10) above. For δ x ∈ Φ, we haveδ x ι = χδ x γι = χδ x π = χπ δ x = ι δ x and γχπ = γι = π.
Hence, for eachσ ∈ Φ * , y ∈ Y \ Z, and x ∈ X , the generator (y −1 y γχ ) δxγσ ∈ N satisfies (y −1 y γχ ) δxγσι = (y −1 y γχ ) π δx δx 1 ··· δx n = 1 as y −1 y γχ ∈ ker(π) holds. Therefore N ⊆ ker(ι) holds. ✷ By Lemma 5.8, the homomorphism ϕ: F (Z)/N → H, gN → g ι is well-defined and it satisfies that ψϕ = ι. We have obtained the following diagram:
Therefore, the latter L-presentation is finite if and only if [G : H] is finite. Our strategy in the proof of Theorem C uses the following
Proof. The kernel of ϕ: F (Z)/N → H is generated by the images r τ σγψ = r τ γψσ
Proofs of Theorem C and Theorem D
In this section, we prove Theorem C and Theorem D:
Proof of Theorem C. Our strategy in the proof of Theorem C is to construct a normal subgroup N ✂ F (Z) and to prove that F (Z)/N is invariantly finitely Lpresented. Then Lemma 5.9 applies and it shows that H ≤ G is invariantly finitely L-presented.
Since G is finitely presented, G/H is finitely generated. Moreover, as G splits over H, there exists s 1 , . . . , s n ∈ G so that G/H = s 1 H, . . . , s n H and S = s 1 , . . . , s n satisfies that S ∩ H = {1}; i.e., G ∼ = H ⋊ S holds. Because H is finitely generated, there exist a 1 , . . . , a m ∈ H so that H = a 1 , . . . , a m holds. Then G = a 1 , . . . , a m , s 1 , . . . , s n holds and there exists a finite set of relations R with G ∼ = {a 1 , . . . , a m , s 1 , . . . , s n } | R . Write S = {s ±1 1 , . . . , s ±1 n } and X = {a 1 , . . . , a m , s 1 , . . . , s n }. Clearly, we can choose a Schreier transversal T ⊆ S * whose elements are words over the alphabet S. This yields the Schreier generators
and δ s denotes the endomorphism of F (Y) that is induced by conjugation with s ∈ S. Write S = s 1 , . . . , s n ≤ F (X ) and E = a 1 , . . . , a m ≤ F (X ). Let K ✂ F (X ) be the kernel of G's free presentation F (X ) → G. Then EK = Y and S ∩ EK = s ℓ,t = 1 | 1 ≤ ℓ ≤ n, t ∈ T are freely generated. For each s ∈ S, the subgroup S ∩EK is δ s -invariant since S ∩EK ✂S holds. Because G splits over H, we have S ∩ H = {1}. Thus the generators s ℓ,t ∈ S ∩ EK are contained in the kernel of the free presentation π: F (Y) → H which is given by H's invariant L-presentation above. Define Z = {a 1 , . . . , a m } and an embedding
where 1 ∈ T denotes the trivial element in the Schreier transversal T . For s ∈ S and a ℓ ∈ Z, we choose a representative a χδsγ ℓ ∈ F (Z) with
For s ∈ S, letδ s ∈ F (Z) be induced by the map a ℓ → a χδsγ ℓ and define ι: F (Z) → H by ι = χπ. Then Eq. (14) yields thatδ s ι = ι δ s . In the following, we writeδ t = δ x1 · · ·δ xn if t = x 1 · · · x n ∈ S * and each x i ∈ S. Moreover, we write X for x −1 and T for t −1 . This yields that a
for each 1 ≤ ℓ ≤ n and t ∈ T .
For each 1 ≤ ℓ ≤ m, 1 ≤ k ≤ n, and t ∈ T , this yields
Thus γι = π. Define the normal subgroup
For t ∈ T and s ∈ S, we have that
as the subgroup S ∩ EK = s ℓ,t | t ∈ T , 1 ≤ ℓ ≤ n is δ s -invariant and it is contained in the kernel of γ. This yields that
.
For t ∈ T and x ∈ S with xt ∈ T , we also have that
It therefore suffices to consider the generators (a −1 ℓ,t a γχ ℓ,t ) δX γ ∈ N with 1 ≤ ℓ ≤ m, t ∈ T , and x ∈ S but xt ∈ T . Since G/H ∼ = S/S ∩ EK is a finitely presented group, there exists a finite monoid presentation
The monoid congruence ∼ induced by this presentation is the reflexive, symmetric, and transitive closure of the binary relation ∼ that is defined by x ∼ y if there exist A, B ∈ S * and 1 ≤ i ≤ p so that x = AU i B and y = AV i B hold. Define
for some word w ℓ (a 1 , . . . , a m ) = aδ
for some h ∈ M . By construction, M isΦ * -invariant and thus
This shows that, if u ∼ v holds, we have a
Suppose that, for t ∈ T and x ∈ S, xt ∈ T holds. Then there exists u = xt ∈ T with u ∼ xt. Write U for u −1 . Since S ∩ EK ✂ S holds, there exists h ∈ S ∩ EK ⊆ ker(γ) so that xt = hu.
This yields that a As S∩EK ✂S and T ⊆ S hold, there exist h ∈ S∩EK = s ℓ,t | 1 ≤ ℓ ≤ n, t ∈ T and
Since h ∈ ker(γ) holds, we obtain (a
ℓ,1 ∈ ker(γ) and so (a
This shows that that factor group F (Z)/N is invariantly finitely L-presented and so is our subgroup H. ✷ Even if G/H is free, the finite L-presentation of F (Z)/N in the proof of Theorem C contains the relations of a monoid presentation of the free group. It is not clear whether or not these relations can be omitted as was done in [4] . However, the result in [4] is a consequence of Theorem C even if these relations are not redundant:
Theorem 5.10 (Benli [4] ) Every finitely generated normal subgroup of a finitely presented group is invariantly finitely L-presented if the quotient is infinite cyclic.
Proof. Since the quotient is free, the finitely presented group splits over its finitely generated normal subgroup and thus, by Theorem C, the subgroup is invariantly finitely L-presented. ✷
Even if the finitely presented group does not split over its finitely generated subgroup, the subgroup is possibly invariantly finitely L-presented:
Theorem 5.11 Every finitely generated normal subgroup of a finitely presented group is invariantly finitely L-presented if the quotient is free abelian with rank two.
Proof. Let G be a finitely presented group and let H ✂ G be finitely generated so that G/H ∼ = Z × Z holds. By Lemma 5.9, it suffices to construct a factor group F (Z)/N which is invariantly finitely L-presented. Since G/H ∼ = Z × Z holds, there exists t, u ∈ G so that G/H = tH, uH holds. Moreover, as H is finitely generated, there exist a 1 , . . . , a m ∈ H so that H = a 1 , . . . , a m holds. Then G = a 1 , . . . , a m , t, u holds and there exists a finite set of relations R with G ∼ = {a 1 , . . . , a m , t, u} | R . We choose as Schreier transversal T = {t i u j | i, j ∈ Z}. Then, by Lemma 5.3, the subgroup H is invariantly L-presented by Y | ∅ | {δ u , δ U , δ t , δ T } | R τ where δ x denotes the endomorphism of the free group F (Y) that is induced by conjugation with x ∈ {u, U = u −1 , t, T = t −1 }, τ denotes the Reidemeister rewriting, and Y = {a ℓ,i,j , t l,k | i, j, k, l ∈ Z, k = 0} are the following Schreier generators:
Note that t i,j = 1 if and only if j = 0 while u i,j = 1 for each i, j ∈ Z. The endomorphisms δ t and δ T are induced by the maps
for each i, j ∈ Z; while δ u and δ U are induced by the maps
We will construct an invariant finite L-presentation for the subgroup H with generators Z = {a 1 , . . . , a m } ∪ {t 1 }. Define an embedding χ:
Write Φ = {δ t , δ T , δ u , δ U }. For y ∈ Z and δ ∈ Φ, choose y χδγ ∈ F (Z) with
Define ι: F (Z) → H by ι = χπ where π denotes the free presentation π: F (Y) → H that is given by H's invariant L-presentation above. For each δ ∈ Φ, define an endomorphismδ: F (Z) → F (Z) that is induced by the map y → y χδγ . Then, for each δ ∈ Φ and y ∈ Z, we obtain
and thusδι = γ δ. Write X = {a 1 , . . . , a m , t, u} and consider the following subgroups of the free group F (X ): Let E = a 1 , . . . , a m and S = t, u be finitely generated subgroups of F (X ). Furthermore, let K ✂ F (X ) be the kernel of G's free presentation. Then G ∼ = F (X )/K and H ∼ = EK/K. Moreover, the normal subgroup EK ✂ F (X ) is supplemented by the finitely generated free group S; i.e., F (X ) = S EK holds. Thus G/H ∼ = F (X )/EK ∼ = S/S ∩ EK. Since G/H is finitely presented, the free subgroup S ∩ EK is finitely generated as a normal subgroup. The Schreier generators Y yield that the subgroups EK = Y and S ∩ EK = t i,j | i, j ∈ Z, j = 0 are freely generated. Moreover, we have that
The latter subgroup is freely generated as the homomorphism ψ that is induced by the map
is an automorphism of S ∩ EK whose inverse is induced by the map
Note that we have
In fact, every element in S ∩ EK has a unique representation as a word in the basis {t i u j · t 0,1 · u −j t −i | i, j ∈ Z} where t 0,1 = utU T is a normal generator of S ∩ EK = t 0,1 S . More precisely, for i ≥ 0 and j > 0, we have the following representatives in free subgroup S ∩ EK ≤ F (Y):
where i, j ≥ 0. Then γ acts on the Schreier generators Y as follows:
and γ:
where i ≥ 0 and j > 0. For i ≥ 0 and j > 0, the element t i,j ∈ Y is mapped by γι to
Similarly, we obtain that a .
We prove that F (Z)/N is invariantly finitely L-presented so that Lemma 5.9 applies. For i ≥ 0 and j > 0, it holds that (t
For i = 0, we also have that
However, we also need to consider the image t 
We prove that F (Z)/N is invariantly finitely L-presented by {a 1 , . . . , a m , t 1 } | ∅ | Φ | V where the iterated relations in V are given by Proof of Theorem D. Let G be a finitely presented group and let H ✂ G be a finitely generated normal subgroup so that G/H is abelian with torsion-free rank at most two. Since G is finitely generated, G/H is a finitely generated abelian group and so it decomposes into G/H ∼ = Z ℓ × T with torsion subgroup T and torsion-free rank ℓ ≤ 2. Denote by U ≤ G the full preimage of the torsion subgroup T in G. Then G/U ∼ = Z ℓ and [U : H] < ∞ hold. If ℓ = 0 holds, H has finite index in G and thus it is invariantly finitely L-presented by [13, Theorem 6.1] . If either ℓ = 1 or ℓ = 2 holds, the subgroup U ✂ G is invariantly finitely L-presented by Theorem 5.10 or Theorem 5.11. Each substitution in the L-presentation of U is induced by conjugation within the finitely presented group G. Since H is a normal subgroup of G each substitution of the finite L-presentation of U stabilizes the subgroup H. Thus [13, Theorem 6.1] applies to the finite index subgroup H ✂ U and it shows that H is invariantly finitely L-presented. ✷
In the proof of Theorem 5.11, it is essential that the elements g ∈ S ∩ EK have a unique representation in the basis {t i s j · t 0,1 · s −j t −i | i, j ∈ Z}. This allows us to define the epimorphism γ: F (Y) → F (Z) so that it maps conjugates by elements of the Schreier transversal to images of automorphisms which are induced by conjugation with a Schreier transversal. Since S/S ∩ EK is finitely presented, we can always choose finitely many Schreier generators W ⊆ Y so that S ∩EK is generated, as a normal subgroup, by W. In our proof of Theorem 5.11 the conjugates of these elements in W by elements of the Schreier transversal from a basis for the subgroup S ∩ EK. This is no longer possible for G/H ∼ = Z × Z × Z: 
